Vacuum polarization mediated by quark loops is susceptible to external electromagnetic fields as well as to the QCD vacuum structure. Employing the stochastic vacuum model, we calculate the modification of the one-loop Euler-Heisenberg effective action due to stochastic color fields with the Fock-Schwinger technique. Our results indicate nonperturbative light quark contributions of the same order of magnitude as the usual QED terms. Various theoretical and experimental implications are discussed in this progress report.
Introduction
The physical vacuum has become a most important research topic with the advent of quantum field theories of the fundamental interactions, of the gauge field theory of the Standard Model in particular.
1 Basic properties of matter, such as masses of elementary particles and ultimately the observed particle spectrum, are induced by the vacuum state and its (broken) symmetries, which in turn are determined by the underlying interactions. Therefore, it is of considerable interest to study in any conceivable way the dynamical vacuum and, especially, its altogether still unknown quantum wave functional.
Our aim here is to perform a first step in studying the interference between the very different color-confining QCD and charge-screening QED vacua. Major efforts have been launched to investigate the 'melting' of the QCD vacuum and formation of a quark-gluon plasma in high-energy heavy-ion collisions, see Ref.
2 and earlier references therein. However, relatively little attention has been paid so far to the mutual influence of QCD and QED on the vacuum state and its virtual excitations. Naturally, since quarks carry color as well as electric charges, both contribute to vacuum polarization.
Following earlier theoretical studies of the vacuum induced nonlinear photonphoton interaction, 3 there are ongoing searches for the QED vacuum birefringence effect in high-precision crossed laser/magnetic-field experiments. 4 Most recently, we proposed to evaluate the influence of the QCD vacuum structure on the Euler-Heisenberg (EH) effective action of QED. 5, 6 This well-known one-loop effective action has been the central quantity for the evaluation of vacuum polarization effects in external electromagnetic fields, most notably Schwinger's calculation of pair production in a constant electric field.
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Our intention is to calculate the nontrivial correction to the EH effective action arising from QCD interactions and the QCD vacuum, in particular. In lack of a solution of the QCD vacuum problem from first principles, we resort to the stochastic vacuum model (SVM), 8 which successfully describes color confinement, the quarkonia phenomenology, and produces interesting results in high-energy scattering, see Ref.
9 and references therein. This model allows us to calculate the one-loop QCD vacuum-to-vacuum amplitude in the presence of external electromagnetic fields.
By means of the SVM, the action-weighted functional integration over gluon (gauge potential) fields, B a µ , a = 1, . . . , N 2 c − 1 for SU (N c ), is replaced by an ensemble average over a Gaussian distribution of the color fields, G a µν , instead. The latter is characterized by a single nonvanishing vacuum correlation function, which has been computed in nonperturbative lattice gauge theory 10 and is related to the vacuum correlator appearing in QCD sum rules.
11
We apply the Fock-Schwinger technique in order to calculate the one-loop effective action of quarks interacting nonperturbatively with an ensemble of time independent homogeneous color fields as well as with an approximately constant electromagnetic background field.
Similarly as the colormagnetic instability of the Mantinyan-Savvidy vacuum ansatz, 12 the SVM points to the importance of inhomogeneous and presumably time dependent color fields, which produce a characteristic correlation length for the QCD vacuum. By the uncertainty principle, a typical vacuum polarization loop has an extent of l ≈ ∆τ · c ≈hc/(2mc 2 ), which amounts to l e ≈ 200 fm for electrons and l u ≈ 20 fm for the lightest up-quarks. Of course, the physically relevant value of l u must be expected to differ considerably from this estimate guided by perturbation theory. Results from lattice calculations indicate that important nonperturbative corrections have to be taken into account. One may consider an estimate of a lower bound to be determined by a typical constituent quark mass of m Q ≈ 300 MeV instead, i.e. l Q ≈ 0.3 fm.
Whereas all macroscopic (laboratory) electromagnetic fields are constant on the scale of l e , the QCD vacuum correlation length obtained from lattice calculations, λ ≈ 0.2 . . . 0.4 fm, is of the same order of magnitude as l Q and, therefore, is expected to remain small on the scale of the light quark loops.
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Therefore, truly space-time dependent color fields also have to be incorporated in the future. However, their study needs a technically different approach still to be developed.
One-loop QCD/QED Effective Action
We briefly rederive the one-loop effective action for fermions in color plus electromagnetic background fields, aiming at the case of a constant electromagnetic field strength with stochastic gluon field fluctuations, in particular. -The calculations are performed for Minkowski space with the metric g µν = (1, −1, −1, −1), any Lorentz or color indices occuring twice are to be summed over, and we choose units such thath = c = 1.
We are interested in the vacuum-to-vacuum amplitude which determines the QCD effective action, Γ A , in the presence of an electromagnetic background potential, A µ :
where L denotes the Dirac Lagrangian for the quarks coupled to the electromagnetic and color gauge fields, A and B, respectively, L A,B ≡ψ(iγ ·D − m)ψ, with D ≡ ∂ − ieA − igB denoting the covariant derivative in the fundamental representation of the color SU (N c ) group; eventually, one has to sum over the contributions of all fermions, i.e. with different charges and masses. The gauge field actions are written in terms of the field strength tensors,
ν , respectively. We did not add gauge fixing terms, since the gluon gauge potentials will be treated in terms of stochastic background field strengths in this work. We remark that the vacuum contribution to Γ A is selected by applying the Feynman boundary condition, which will be made explicit shortly.
In order to proceed, we define the Gaussian stochastic ensemble and its correlators, 8 which will be employed in the following evaluation of the effective action. We assume for simplicity that only approximately constant colormagnetic fields contribute which, however, fluctuate in direction and amplitude.
As previously pointed out in Refs. 13 in the context of QCD background field calculations, the commutator of two covariantly constant color field strength tensors vanishes, [G µν , G ρσ ] = 0 . Consequently, they can be parametrized as being proportional to the generators of the abelian Cartan (sub-)algebra of the SU (N c ) color group.
We thus take into account SU (3) colormagnetic fields of the form B ≡
, involving the diagonal Gell-Mann matrices λ 3,8 . Then, their normalized probability distribution is defined by:
for a = 3, 8 , with the width determined by the relevant correlator.
In accordance with the SVM model, 8 we replace the functional integral DB in Eq. (1) by the Gaussian ensemble average with the distribution of Eq. (2), which we denote by . . . G from now on.
In the absence of a calculation from first principles, the correlator in Minkowski space is obtained by analytical continuation of the Fourier transform of the euclidean one, which is calculated numerically in lattice studies.
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This procedure is discussed in detail in Ref.
9 . Since we consider only stochastic colormagnetic fields, we identify the widths of their distributions with the value of the SVM field correlator:
where g denotes the renormalized QCD coupling. The last equality (isotropy in color space) allows us to relate the respective correlators to the physical gluon condensate:
where the (running) strong coupling constant is α s ≡ g 2 /4π, and we cite the empirical value of the condensate (≈ (394 MeV) 4 ).
10,11,14
For a selfconsistent determination of the stochastic field ensemble, the vacuum condensate in particular, the gluonic contribution to the effective action has to be calculated incorporating gluon fluctuations in the stochastic background together with an appropriate gauge fixing. 15 Here we limit our attention to the fermionic contribution, which generalizes the familiar Euler-Heisenberg effective action of QED.
Obviously, the usual EH effective action 5,7 for leptons, Γ EH , is obtained from Eq. (1) by dropping completely the integration over the gluon field B and setting the corresponding terms of the classical action to zero. In order to evaluate Γ A instead, employing the SVM model with the stochastic ensemble average defined in Eqs. (2)- (4), we begin by integrating out the fermions:
where we subtracted the contribution of the noninteracting fermionic vacuum fluctuations for later convenience. From now on, the Feynman boundary condition is implemented by replacing m −→ m − iǫ, which we often suppress. The above result, Eq. (5), is similar to the usual QCD effective action (for A µ = 0), however, with the vacuum correlator appearing implicitly instead of the gluon propagator. Next, interchanging the order of taking the logarithm and the ensemble average and using det{M } = exp Tr ln{M }, the result is:
with a trace over space, spin, and color. We remark that interchanging the logarithm with the ensemble average results in the 1-loop approximation here (suppressing this subscript henceforth). Since the dynamics of the Dirac field does not depend on the sign of the mass term, taking the average of both possibilities, the 1-loop action can be expressed conveniently,
where we introduced the kinetic and canonical momentum operators, Π µ ≡ iD µ = P µ + eA µ + gB µ and P µ ≡ i∂ µ , respectively; the second equality follows with the help of {γ µ , γ ν } = 2g µν and [γ µ , γ ν ] ≡ −2iσ µν , i.e. the (anti-) commutation relations of γ-matrices. Finally, using the integral representation of the logarithm which presents the starting point of the Fock-Schwinger proper time method, we obtain the familiar looking result:
with the mass (→ m − iǫ) incorporating the Feynman boundary condition.
Fock-Schwinger Technique
For arbitrarily varying background fields it is unknown how to evaluate Eq. (8), even for the QED case. Presently, we work with the simplified ensemble of color background fields introduced in the previous section, which have a fluctuating amplitude with respect to space and (color) space direction but are covariantly constant otherwise. We also incorporate the approximately constant electromagnetic field to all orders, expanding the results only in the end.
We proceed by relating the first exponential in Eq. (8) to an unitary evolution operator, U (s), depending on the proper time variable s:
where H plays the role of a fictitious Hamiltonian. Following the Fock-Schwinger strategy as described in Ref. 7, 16 , the aim is to obtain the coordinate space matrix elements of H. Using these, the equation of motion for the evolution operator can be converted into an ordinary differential equation. Its solution provides the coordinate space matrix elements of U (s), which are sufficient to calculate the trace and stochastic average in Eq. (8) .
To begin with, introducing the Heisenberg operators Π(s) = U † (s)ΠU (s) and x(s) = U † (s)xU (s), we obtain the related Ehrenfest equations of motion:
where the color current,
, is introduced to indicate the physical meaning of this term; similarly, the last term contributes the spin-color coupling here, with σ · G ≡ σ µν G µν , while the first term is related to the electromagnetic and color Lorentz forces. In order to arrive at Eqs. (10) and (11), we made use of the coordinate representation of the operators Π, x introduced after Eq. (7) and treated F µν as constant. The last equality, Eq. (12), presents the approximation for covariantly constant fields, i.e. our starting point here.
It is convenient to introduce a combined field strength tensor,
which is a matrix in Lorentz and color indices, with t a , a = 1, . . . N 2 c − 1 denoting the generators of SU (N c ) in the fundamental representation. Then, the solutions of Eqs. (10) and (12) are easily obtained:
where we employed Eq. (15) to eliminate Π(0) from Eq. (14) . With the help of Eq. (15) and the basic commutator [Π µ (0), x ν (0)] = ig µν one derives:
Using this, the Hamiltonian of Eqs. (9) can be written in time-ordered form and, then, its coordinate space matrix elements evaluated. 7, 16 We obtain:
where the trace refers to the Lorentz indices.
Next, we turn to the equation of motion for the proper time evolution operator U (s), which follows from Eq. (9) . Interchanging between the Schrödinger and Heisenberg picture, we obtain in the coordinate representation:
with H(x ′ , x; s) from Eq. (17) . This presents an ordinary first order differential equation for U (x ′ , x; s) as a function of s, which can be integrated directly. Since all matrices involved are considered as constants at this point, no ordering prescription for the resulting exponential is needed:
The function C(x ′ , x) incorporates the usual QED Schwinger string,
as well as a normalization constant C. Furthermore, we calculate:
where we separated the second logarithm for later convenience. We remark that the Hamiltonian, Eq. (17), is covariant under the global SU (N c ) gauge transformations admitted here and invariant under arbitrary electromagnetic gauge transformations. Therefore, the evolution operator, Eq. (19), requires the additional electromagnetic string factor, in order to be properly covariant under either gauge transformations.
Finally, the normalization constant C takes the boundary condition (orthogonality and normalization of coordinate eigenstates) into account,
with a unit matrix for spin and color on the right-hand side. The normalization constant is calculated using Eqs. (17)- (22). The result is:
Furthermore, Feynman's m −→ m − iǫ provides the convergence factor in Eq. (19), thus implementing the asymptotic condition U (x ′ , x; s → −∞) = 0. This completes our derivation of the (matrix elements of the) evolution operator U . We note in passing that these results immediately yield the propagator in the considered combination of color and electromagnetic background fields, 7,16 which may be useful for other purposes.
QCD-modified Euler-Heisenberg Lagrangian
Here we employ our assumptions about the nature of the stochastic color fields, in order to calculate the effective action, Eq. (8), using the results of the previous section, Eqs. (19)-(23) in particular. We begin by evaluating the traces over spin and space in:
(24) We recall that the covariantly constant color fields are parametrized proportional to the generators of the abelian subgroup of SU (N c ), as discussed in the context of Eqs. (2)-(4), i.e. F is a diagonal color matrix here. Then, the trace over spin is calculated similarly as in the QED case:
where two Lorentz invariants of the fields enter,
The remaining exponential factor in Eq. (24) can also be simplified:
again quite similarly as in the QED case.
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Combining Eqs. (24)-(27) and using these in Eq. (8), we obtain the unrenormalized 1-loop effective Lagrangian (Γ
where the color trace and the stochastic average are still left to be done. If we omit these and set all color fields to zero, the usual QED result is recovered.
7,16

Renormalization
Since QCD and QED are both renormalizable, we are guaranteed that the ultraviolet (s → 0) divergences contained in L It is calculated by setting e ≡ 0 in Eq. (28). Then, for colormagnetic vacuum fields, we obtain the renormalized result:
where z ≡ m 2 / g 2 B · B is a diagonal color matrix. We remark that here we rotated the integration s → −ix in the complex plane, as compared to Eq. (28); it is obvious now that the integral increases strongly with decreasing m. The corresponding QED integral has been calculated analytically. 17 Using this, we obtain in the limit of strong fields (z ≪ 1):
which is the appropriate limit for the light quarks, given the large value of the gluon condensate, cf. Eq. (4). After the QCD renormalization, we have to replace gG µν = g R G µν,R also in the remaining terms, i.e. by the renormalized quantities; we drop the subscript R henceforth. The resulting QCD-subtracted effective Lagrangian is:
In order to proceed, we introduce some useful abbreviations:
c ≡ g
where F µν and G µν are understood as a unit and a diagonal color matrix, respectively. Then, the field dependent factor in the integrand of L 18 of Taylor expansions in powers of e in particular, for which this rewriting helps to organize and cut down the size of the lengthy expressions.
Thus, the ultraviolet (s → 0) structure of the unrenormalized but QCDsubtracted effective Lagrangian emerges after expanding up to and including terms of O(e 3 ):
Terms which are linear or cubic in G µν (and correspondingly in e) do not contribute here because of the Gaussian ensemble average over vacuum fields; the leading terms O(e 0 ) are cancelled by the subtraction of L − 0 , Eq. (29). Furthermore, using Eqs. (31)-(33), we observe that the term which does not contain color fields, i.e. ∝ s −1 e 2 [ã +d] ∝ s −1 e 2 F µν F µν in the integrand of Eq. (34), presents the usual UV divergence which is absorbed by electromagnetic charge and field renormalization. Due to the ensemble average, in particular with
cf. the correlator (3), the remaining finite terms ∝ s all are proportional to e 2 F µν F µν in the end, besides the appropriate power of the gluon condensate (4). Therefore, they are absorbed by an additional finite renormalization.
Following the previous analysis, we obtain the renormalized QCD-modified Euler-Heisenberg Lagrangian:
where all charges and fields are the renormalized ones by now, in particular α ≡ e 2 /4π ≈ 1/137, and where we implementedc =f for the case of colormagnetic vacuum fields. Naturally, the zeroth order Lagrangian for the electromagnetic field appears here on the right-hand side. We remark that after renormalization and upon expansion of the effective action L EH , Eq. (35), the QCD effects enter at O(e 4 ) and higher, i.e. affecting the nonlinear effective interaction of electromagnetic fields. In the following section, we calculate the first nontrivial modification of the usual Euler-Heisenberg Lagrangian. Some comments concerning the nonperturbative content of our results will be made shortly.
Evaluation at O(e 4 )
Here we expand the renormalized QCD-modified Euler-Heisenberg Lagrangian up to O(α 2 ), keeping all orders in the strong coupling. We consider as an instructive example the case of the stochastic colormagnetic vacuum fields B a together with an (applied) external electric field E. Thus Eqs. (31)-(33) are replaced by:ã =d = 1 2
Using these, we obtain L EH at O(e 4 ) from Eq. (35),
where z ≡ m 2 / g 2 B · B, and where again we rotated the contour of integration (s → −ix), as compared to Eq. (35); of course, the integral is finite due to the renormalization, despite the appearance of individually divergent contributions.
Using the value of the gluon condensate given in Eq. (4) together with Eqs. (3) and the approximate up-and down-quark masses, m u ≈ 5 MeV ≈ m d /2, the parameter z of the integral in Eq. (39) can be expected to fluctuate around a value of roughly 10 −4 and 10 −3 , respectively. The corresponding number for strange quarks is at least two orders of magnitude larger; their (and heavier quark) contributions will be completely negligible in the following. Furthermore, for the relevant range of small z-values, the integral is very strongly power dominated by the term in the integrand ∝ x 5 /x 3 , in the region where coth(x) ≈ 1. Thus, we calculate:
where ζ denotes the Riemann zeta function in two arguments, and we employed formulae 3.551 3. and 9.521 1. of Ref. 19 in the second and third equality, respectively. Since the color matrices involved here are diagonal, as discussed, the sum over the eigenvalues of the resulting matrix replaces the color trace.
Then, recalling that the covariantly constant SU (3) colormagnetic vacuum fields are of the form B ≡ 
where the last equality follows from the fact that all three contributions are equal. This can be shown by a suitable coordinate transformation in the space of the colormagnetic fields, the ensemble of which is determined by the Gaussian distribution of Eq. (2). Using the distribution (2) of the stochastic fields, we finally obtain from Eq. (41) the QCD-modified Euler-Heisenberg effective action for the case of external electric fields at O(α 2 ):
where m i and q i denote the quark masses and charges, respectively, and where we incorporated the usual QED term (∝ m −4 e ) due to e + e − vacuum polarization.
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For m u ≈ 5 MeV ≈ m d /2, q u = 2/3 = −2q d , and the gluon condensate value of Eq. (4), the sum in the last term in Eq. (42) gives a numerical factor,
where the dots indicate the negligible contribution of the heavier quarks; we factored out m −4 e for comparison with the QED result. Clearly, the result of Eq. (42) is nonperturbative in the strong coupling α s and strongly dominated by the lightest u-quark term.
The experimentally interesting situation with crossed electric and magnetic external fields, related to the vacuum birefingence mentioned in Sec. 1, 3,4 can be studied along the same lines. Presently we presented only the simplest nontrivial case, in order to demonstrate that a sizeable interference between QCD and QED vacuum polarization appears to be possible, based on the present calculation.
A thorough investigation of this effect needs to be performed which also takes the space-time dependent stochastic vacuum fields into account, which are implied by the SVM description of QCD vacuum structure. 8, 9, 10 In particular, we recall from Sec. 1 that they are expected to fluctuate strongly on roughly the same length scale as the light quark loops, which we considered here. Whether this aspect of the nonperturbative stochastic fields tends to reduce the quark vacuum polarization considerably or not, still remains to be seen.
Discussion
We derived the modification of the Euler-Heisenberg effective action due to the nonperturbative QCD vacuum structure, which influences the vacuum polarization contribution of electrically and color charged quarks. We employed a simplified version of the stochastic vacuum model (SVM), which has been successful in describing various infrared aspects of QCD including confinement and bound state properties.
8,9,10
In Sec. 4.2 we obtained the light quark contribution to the effective action at O(α 2 ) for the case of external (macroscopic) electric fields acting simultaneously with stochastic colormagnetic vacuum fields. For simplicity, we assumed the QCD fields to be covariantly constant, such as in earlier background field calculations, 12,13 however, to be fluctuating in amplitude and (color) space direction. We found a sizeable contribution, of the same order of magnitude as the corresponding electron-positron term.
The extension for the case of crossed electric and magnetic fields, such as employed in the experimental search for the usual QED vacuum birefringence effect, 3, 4 can be obtained in the same way. However, we discussed and want to stress here once more the fact that in order to obtain quantitatively reliable results, the inhomogeneous SVM fields necessarily have to be incorporated. Their correlation length is expected to interfere in a still unknown way with the length scale of the presumably dominant light quark vacuum polarization loops.
We conclude that a calculational scheme is necessary which allows to handle the important inhomogeneous field configurations. 8, 9 It is well known that applications of the Fock-Schwinger technique are limited to very special field configurations, such as the covariantly constant ones considered here.
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Furthermore, our present study indicates that also the properties of the quark condensate, in external electromagnetic fields in particular, may deserve a fresh look when nonperturbative QCD features are implemented with the help of the stochastic vacuum model.
From the definition of the QCD effective action in the presence of external electromagnetic fields, Eq. (1) in Sec. 2, it follows immediately that the quark condensate could be calculated nonperturbatively indeed:
Employing our Eqs. (30) and (42), adding up the contributions, however, the result is quite unsatisfactory. This must be attributed to the fact that the homogeneous stochastic fields employed in a one-loop calculation here still present too crude an approximation for the relevant QCD vacuum properties. It will be very interesting to compare future results of an improved SVM calculation with other phenomenological models. 20 Some related issues have already been discussed previously in a wider context. 6 Finally, we mention that the fate of nonperturbative particle production poles contained in the effective Lagrangian (35) of Sec. 4.1 after the stochastic averaging over vacuum fields also deserves further study. 7, 16 
